We prove that the function x → (a+x) (a¿0) is submultiplicative on [0; ∞) if and only if a¿a0 = 3:203171 : : : . Here, a0 denotes the only positive real number which satisÿes (a0) = 1.
Introduction
The psi (or digamma) function is deÿned for all positive real numbers x by (x) = (x)= (x) = −C +
where denotes Euler's gamma function and C = 0:577215 : : : is Euler's constant. In the past, the psi function has been investigated by several authors and many remarkable properties of this function can be found in the literature. In particular, there exist many inequalities for and its derivatives; we refer to the recently published paper [2] and the references given therein. This article has been motivated by a paper of Gustavsson et al. [4] , who proved in 1989 that if a¿1 is a real number, then the function x → log (a + x) is submultiplicative on [0; ∞) if and only if a¿e.
We recall that a function f : [0; ∞) → R is said to be submultiplicative on [0; ∞), if f(xy)6f(x)f(y) for all x¿0 and y¿0:
Submultiplicative functions play a role in functional analysis and in the theory of semi-groups; see [5] . Basic properties and many interesting examples of submultiplicative functions are given in [6] .
Since the log and the psi functions have similar properties, in particular, log(x) ∼ (x) (as x tends to ∞), we are led to the question: for which real numbers a¿0 is the function x → (a + x) submultiplicative on [0; ∞)? It is the aim of this paper to answer this question.
Two lemmas
In this section we present two technical lemmas which we need to prove our main result.
Lemma 1. Let a = 3:203171 : : : be the only positive real number which satisÿes (a) = 1. Then we have for all real numbers x¿1:
Proof. We deÿne the ratio
For x¿2, we will show that r¡ 3 2 . Since is strictly increasing on (0; ∞), this implies r(x)¡1:550 : : :
From the well-known continued fraction for ,
where a p = p (see [8, p . 373]), we ÿnd that
(x¿ 1 2 ); which implies
where b = a − 1 2 . Hence, it is enough to show that for x¿2 the ratio on the right-hand side of (2.2) is less than 3 2 . This is equivalent to The cubic polynomial
has only one real root, which is negative. Since P 1 (0)¿0, we conclude that P 1 is positive on (0; ∞), which implies (2.3). Next, we prove inequality (2.1) for x ∈ (1; 2]. The concavity of yields
so that in view of (2.2) it is su cient to show that has two complex roots and two negative real roots, so that P 2 (0)¿0 leads to P 2 (x)¿0 for x¿0, which implies (2.5). This completes the proof of Lemma 1.
is a real number; then the function
is strictly decreasing on [0; ∞).
Proof. Let c¿ 1 2 and x¿0; di erentiation yields
Applying the inequality
(a proof is given in [3] ), we obtain where
A simple calculation shows that g c is strictly decreasing on (0; ∞), if c¿ . This leads to Since (y)¡0 (y¿0), we conclude from (2.6) and (2.9) that (d=dx)f c (x)¡0 for x¿0.
Main result
We are now in a position to prove the following submultiplicative property of the psi function.
Theorem. Let a¿0 be a real number. The inequality (a + xy)6 (a + x) (a + y) (3.1)
holds for all real numbers x¿0 and y¿0 if and only if a¿a 0 = 3:203171 : : : : (Here; a 0 denotes the only positive real number which satisÿes (a 0 ) = 1:)
Proof. First, we assume that there exists a number a¿0 such that inequality (3.1) is valid for all x¿0 and y¿0. Then we obtain for large x:
(a + xy)= (a + x)6 (a + y):
Since lim z→∞ (z)=log(z) = 1 (see [1, p . 259]), we get for y¿0:
and, if y tends to 0, then we have
Since is strictly increasing on (0; ∞), we obtain a¿a 0 . In order to prove inequality (3.1) for all x¿0, y¿0, and a¿a 0 , we consider two cases. Since is positive and strictly decreasing on (0; ∞), we obtain for a¿a 0 :
P (a) = (a + x) (a + y) + (a + x) (a + y) − (a + xy)
which implies
Hence, it su ces to prove inequality (3.1) for x¿1; y¿1, and a = a 0 . In what follows we denote by a = 3:203171 : : : the only positive real number which satisÿes (a) = 1. Moreover, we suppose that y¿x¿1. We deÿne u(x; y) = (a + xy)= (a + y):
Partial di erentiation leads to
where f a is given as in Lemma 2. Since a¿ 1 2 , we conclude that f a is strictly decreasing on (0; ∞), which implies @u(x; y) @y ¡0:
Thus, we get for y¿x¿1:
so that inequality (3.3) and Lemma 1 lead to
from (3.4) we conclude that @v(x; y) @y = (a + x) (a + y) − x (a + xy)¿0;
which implies for y¿x¿1:
v(x; y)¿v(x; x) = ( (a + x)) 2 − (a + x 2 ) = w(x); say: (3.6)
From Lemma 1 we obtain for x¿1:
Since (a + 1) = 1 + 1=a, this leads to
From (3.5)-(3.7) we conclude that (a + x) (a + y)¿ (a + xy) (y¿x¿1):
This completes the proof of the Theorem.
Remarks.
(1) The proof of the Theorem reveals: if x¿0; y¿0 and a¿a 0 , then the sign of equality holds in (3.1) if and only if x = y = 0 and a = a 0 .
(2) There does not exist a real number a¿0 such that the converse of inequality (3.1) holds, that is, (a + x) (a + y)6 (a + xy);
( 3.8) is valid for all x¿0 and y¿0. Indeed, from (3.8) we get for large x:
(a + y)6 (a + xy)= (a + x):
And, if x tends to ∞, then we get for y¿0 : (a + y)61, which is false for all large y. Subadditive functions are important in di erent mathematical areas, such as the theory of di erential equations, the theory of convex bodies, and the theory of semi-groups; see [7] . The following striking companion of the Theorem holds: A short proof runs as follows: First, we assume that
is valid for all x¿0 and y¿0. If we set x = y = 0, then (3.9) yields (a)62 (a), that is, (a 1 ) = 06 (a). Since is strictly increasing on (0; ∞), we obtain a¿a 1 . Next, we deÿne for a¿a 1 and y¿x¿0: (x; y) = (a + x) + (a + y) − (a + x + y): (3.10) Since @ (x; y) @y = (a + y) − (a + x + y)¿0;
we get (x; y)¿ (x; x) = 2 (a + x) − (a + 2x) = ÿ(x); say: (3.11)
And, from 1 2 ÿ (x) = (a + x) − (a + 2x)¿0;
we obtain ÿ(x)¿ÿ(0) = (a)¿ (a 1 ) = 0; (3.12) so that (3.10)-(3.12) imply (3.9). We conclude with the remark that there does not exist a positive real number a such that x → − (a + x) is subadditive on [0; ∞). Otherwise, from (a + x) + (a + y)6 (a + x + y) (x¿0; y¿0);
we get for large x:
26 (a + 2x)= (a + x); which is false, since the ratio on the right-hand side tends to 1 as x tends to ∞.
